Abstract. In this paper we show that if two central simple k-algebras generate the same cyclic subgroup in Br(k), then there are rational maps between varieties associated to these algebras, such as Brauer-Severi varieties, norm hypersurfaces and symmetric powers. In some cases we even have rational embeddings. We also relate the obtained results to the Amitsur conjecture.
Introduction
To central simple k-algebras one can associate several algebraic varieties. BrauerSeveri varieties are maybe the most prominent one. It is well-known that central simple algebras are in one-to-one correspondence with Brauer-Severi varieties over a field k [3] . So it is natural to study the geometry of a Brauer-Severi variety in dependence on the algebraic structure of the corresponding algebra and vice versa. Amitsur [1] investigated so called generic splitting fields and proved that if two Brauer-Severi varieties X and Y are birational then the corresponding central simple algebras A and B generate the same cyclic subgroup in Br(k). So it was natural to ask if the other implication is true as well. And indeed, Amitsur proved that this is true for certain ground fields k. Consequently he conjectured that two Brauer-Severi varieties X and Y are birational if and only if the corresponding central simple algebras A and B generate the same cyclic subgroup in Br(k). This conjecture is nowadays called the Amitsur conjecture for Brauer-Severi varieties. Several results in favor of this conjecture are known (see [1] , [15] , [17] , [22] , [26] ). In view of this conjecture it is an important task to understand more closely the relation between the geometry of Brauer-Severi varieties and the structure of the corresponding central simple algebras in Br(k).
Let D and D ′ by division algebras of the same degree and X and Y the corresponding Brauer-Severi varieties. Furthermore, denote by X and Y the Brauer-Severi varieties corresponding to Mn(D) and Mn(D ′ ) for an integer n > 1. Note that there are closed immersions X ֒→ X and Y ֒→ Y.
Now if D and D
′ generate the same subgroup in Br(k) one gets dominant rational maps X Y and Y X (see [14] ). But in general, the closed immersions X ֒→ X and Y ֒→ Y do not induce rational embeddings for instance of X into Y. Moreover, the rational map X Y is also far from being birational. In this context, our first main result will be the following. By definition, the rational embedding X Y from above can be factored as U → Z → Y, where the first arrow is an open and the second one a closed immersion. Here U is an suitable open subset of X. Clearly, if Z = Y then X and Y are birational. We briefly discuss the case Z = Y and consider the closed subscheme Z ∩ Y ⊂ Y (we show that Z ∩ Y can always assumed to be non-empty). In this case we relate the irreducible components of Z ∩ Y to the so called AS-bundles of Y via the maps between the involved Grothendieck and Chow groups (Theorem 5.11). For details on AS-bundles on arbitrary proper k-schemes, and Brauer-Severi varieties in particular, we refer to [19] where these bundles are introduced.
It is also possible to associate with a central simple algebra A = Mn(D) the so called norm hypersurface V (A) (see Section 6) . Studying the function fields of this norm hypersurfaces, Saltman [23] proved a variant of the Amitsur conjecture, namely, that two central simple k-algebras A = Mn(D) and B = Mn(D ′ ) of the same degree generate the same cyclic subgroup in Br(k) if and only if V (A) is birational to V (B). In [24] Saltman constructed so called rational embeddings (see Section 5) of the Brauer-Severi variety X corresponding to A into the norm hypersurface V (A). An overall strategy to tackle the Amitsur conjecture is the following: Suppose A and B generate the same cyclic subgroup so that V (A) and V (B) are birational. Now construct rational embeddings X V (A) and Y V (B) such that the birationality of the norm hypersurfaces induces a birational map between X and Y. This idea was captured by Meth [18] in his thesis, where the set of rational embeddings is enlarged and some ideas are refined. Using Theorem 5.3 from above, in Section 6 of the present paper we prove the following theorem. Note that it is also possible to get rational embeddings X V (A) (see Proposition 6.3). The interesting thing is that from Theorem 6.4 we obtain rational embeddings of X into the norm hypersurface V (B).
A further variety which can be associated with a central simple algebra, and therefore with the corresponding Brauer-Severi variety X, is the symmetric power S m (X). These varieties are studied by Krashen and Saltman in [16] . Let A and B be central simple algebras of the same degree and X and Y the corresponding Brauer-Severi varieties. As a simple consequence of the results given in [16] we obtain that if A and B generate the same subgroup, then there exists always an integer m < deg(A) such that S m (X) is birational to S m (Y ) (see Corollary 7.4). In conclusion, we can say that the norm hypersurfaces and certain symmetric powers related to central simple algebras A and B are birational, provided A and B generate the same subgroup. The same should be true for (generalized) Brauer-Severi varieties according to the Amitsur conjecture. Moreover, the results of the present paper show that if A and B generate the same subgroup one also has several rational maps, or even rational embeddings, between these varieties. From this point of view, it would be an interesting task to find further varieties related to a central simple algebra A and to study their geometry in terms of the algebraic structure of A.
Conventions. Throughout this work k denotes an arbitrary ground field if not stated otherwise.
Generalities on central simple algebras
The main references for Brauer-Severi varieties and central simple algebras are [3] , [7] and [24] . For the more general notions of Brauer-Severi schemes and Azumaya algebras we refer to [8] and [9] .
A Brauer-Severi variety of dimension n is a scheme X of finite type over k such that
n is called splitting field of X. Clearly, the algebraic closurek is a splitting field for any Brauer-Severi variety. In fact, every Brauer-Severi variety always splits over a finite separable field extension of k (see [7] , Corollary 5.1.4). By embedding the finite separable splitting field into its Galois closure, a Brauer-Severi variety therefore always splits over a finite Galois extension. It follows from descent theory that X is projective, integral and smooth over k.
Recall, a finite-dimensional k-algebra A is called central simple if it is an associative k-algebra that has no two-sided ideals other than 0 and A and if its center equals k. If the algebra A is a division algebra it is called central division algebra. Note that A is a central simple k-algebra if and only if there is a finite field extension [7] , Theorem 2.2.1). This is also equivalent to
The degree of a central simple algebra A is defined to be deg(A) := √ dim k A. It turns out that the study of central simple k-algebras can be reduced to the study of central division algebras. Indeed, according to the Wedderburn Theorem (see [7] , Theorem 2.1.3), for any central simple k-algebra A there is an unique integer n > 0 and a division algebra D such that A ≃ Mn(D). The division algebra D is also central and unique up to isomorphism. Now the degree of the unique central division algebra D is called the index of A and is denoted by ind(A). The index of a central simple k-algebra A is also the smallest among the degrees of finite separable field extensions that split A (see [7] , Corollary 4.5.9).
Moreover, two central simple
Recall that the Brauer group Br(k) of a field k is the group whose elements are equivalence classes of central simple k-algebras, with addition given by the tensor product of algebras. It is an abelian group with inverse of a central simple algebra A being A op . The neutral element is the equivalence class of k. It is a fact that the Brauer group of any field is a torsion group. The order of a central simple k-algebra A ∈ Br(k) is called the period of A and is denoted by per(A).
Denoting by BSn(k) the set of all isomorphism classes of Brauer-Severi varieties of dimension n and by CSAn+1(k) the set of all isomorphism classes of central simple kalgebras of degree n + 1, there is a canonical identification CSAn+1(k) = BSn(k) via non-commutative Galois cohomology (see [3] , [7] for details). Hence any n-dimensional Brauer-Severi variety X corresponds to a central simple k-algebra of degree n + 1. In view of the one-to-one correspondence between Brauer-Severi varieties and central simple algebras it is also common to speak about the period or index of a Brauer-severi variety X, meaning the period or index of the corresponding central simple k-algebra. We say a Brauer-Severi variety is minimal if it corresponds to a central division algebra. If X is the Brauer-Severi variety corresponding to A = Mn(D) and X the one corresponding to D, then X can always be embedded into X as a closed subvariety (see [7] , Proposition 5.3.2). Any closed subvariety X ⊂ X such that X ⊗ k L ≃ P s for some s ≤ dim(X ) is called linear subvariety and the corresponding central simple algebra represents the same element in Br(k) as the central simple algebra corresponding to X . The linear subvariety of smallest possible dimension is isomorphic to the minimal Brauer-Severi variety.
To a central simple algebra A of degree n one can also associate the generalized BrauerSeveri variety. It is defined as the projective subvariety of Grass k (nr, A) parameterizing the collection of rank nr right ideals of A. Here 1 ≤ r ≤ n − 1. If X is the Brauer-Severi variety corresponding to A, the generalized Brauer-Severi variety is denoted by Xr. By definition X1 = X. It can be shown that Xr becomes a Grassmannian after base change to some finte Galois field extension of k. For details we refer to [5] .
Amitsur conjecture for Brauer-Severi varieties
Recall the following theorem proved in [1] (see also [7] , Theorem 5. 
, is a cyclic group generated by A.
This theorem has the following consequence. 
. In particular, both schemes have the same function field F (X × k Y ). Thus X × k Y is birational to P n × k Y and by changing the role of X and Y we obtain (see [24] , Lemma 13.20.). The Amitsur conjecture seems fascinating as it involves connections between the algebraic structure of A and the geometry of X. For details in favor of the Amitsur conjecture we refer to [1] , [15] , [17] , [22] and [26] .
Moreover, Kollár [14] and Hogadi [10] considered products of conics (Brauer-Severi varieties of dimension one) respectively products of Brauer-Severi surfaces and proved the following: Let Pi and Qj be finite collections of conics (resp. Brauer-Severi surfaces) and suppose the subgroup in Br(k) generated by all Pi equals the subgroup generated by all Qj, then i Pi is birational to j Qj . So it is also plausible and natural to extend the Amitsur conjecture to such products.
Automorphisms of Brauer-Severi varieties
Below we prove a theorem concerning automorphisms of Brauer-Severi varieties. It will be needed frequently in the next sections.
Without loss of generality, we assume the field k to be infinite. This is no restriction as for finite fields the Brauer group is trivial and hence P n are the only Brauer-Severi varieties. For trivial reasons, we not need to consider this case. We fist prove the following lemma.
Lemma 4.1. Let k ⊂ E be a finite Galois extension. Given a G E/k := Gal(E|k) set P of n + 1 distinct points in P n E one can find a set Q of n + 1 points, where no n points lie in a hyperplane, such that P and Q are isomorphic as G E/k sets.
Proof. We can find n + 1 distinct points {α1, ..., αn+1}
As all αi are distinct, the determinant 1≤i<j≤n+1 (αj − αi) of the Vandermond matrix
is non-zero and hence no n points of Q = {β1, ..., βn+1} lie in a hyperplane, i.e Q is noncollinear. Note that the G E/k -action on the βi is the same as the action on the αi.
Proof. By assumption L := k(x0) is a splitting field for X. Now denote by E the Galois closure of L. As x0 and x1 are defined over L, they are also defined over E. Since E is a splitting field for X, we have an isomorphism ψ : X ⊗ k E → P n E . By assumption, the points x0 and x1 split over E as two sets of d distinct points P = {α1, ..., α d } and
Note that the points α1, ..., α d have to be distinct, since d is the smallest among the degrees of separable splitting fields for X. The same holds for Q. Since d divides n + 1, it is easy to verify that one can enlarge the sets P and Q to sets of n + 1 distinct points
.., βn+1} in P n E , with P ′ and Q ′ being G E/k -orbits. As AutE(P n E ) acts transitively on sets of n + 1 points in general position, we apply Lemma 4.1 to the set P ′ and obtain a set R = {R1, ..., Rn+1} of non-colinear points with the same G E/k -action as the one on P ′ . So we set ψ(αi) = Ri for i = 1, 2, ..., n + 1. In the same way we can construct an isomorphism φ : X ⊗ k E → P n E with φ(βi) = Ri for i = 1, 2, ..., n + 1. Now we get two cocycles ησ = ψ( σ ψ −1 ) and ζσ = φ( σ φ −1 ) and observe that they are cohomologous in H 1 (G E/k , PGLn(E)), since both correspond to the same Brauer-Severi variety. By the construction of φ and ψ, and the fact that all considered points have the same G E/k -action, we see that ησ and ζσ can be interpreted as cocycles in Z 1 (G E/k , T ), where T denotes the set
We claim that the natural map i :
To prove the claim, we consider the group GLn+1(E) and in there the set U of matrices N such that the coordinate vectors of E n+1 representing the Ri are the eigenvectors of N . We then get the following diagram:
Since U is an abelian subgroup, we can look at the long exact sequence of cohomology associated to the above sequence. The part which is of interest is the following:
Now we observe that if H 1 (G E/k , U ) = 0, the map at the top is injective and hence i :
. Indeed, write R = {R1, ..., Rn+1} as the affine k-scheme Spec(F ), with F being a suitable (n + 1)-dimensional k-algebra. Now consider the line bundle OR⊗ k E (1) over R ⊗ k E. One can show that U is the automorphism group of OR⊗ k E (1) and is isomorphic to (F ⊗ k E) * . From an extended version of Hilbert's 90 (see [25] , X.1, Exercise 2) we in fact get
Finally, from the injectivity of i :
we conclude that ζσ and ησ are cohomologous via a coboundary with image in T , i.e
so that we finally obtain
Thus ψ −1 N φ descents to an k-automorphism of X that maps x0 to x1. This completes the proof. Remark 4.3. Note that Theorem 4.2 is proved in [6] for the special case where X is a Brauer-Severi surface over an algebraic number field.
Rational embeddings into Brauer-Severi varieties
Recall the following definition given in [18] . 
is non-empty. This gives us a morphism Spec(L) → U whose image is a closed point x ∈ U . We then get k ⊂ k(x) ⊂ L and, as x ∈ U ⊂ X is a closed point, that k(x) is a splitting field for X. But since k ⊂ L is a minimal splitting field, it follows k(x) ≃ L.
We are now able to prove our first main theorem. Proof. We first show that if there are rational embeddings X Y and Y X , then A and B generate the same cyclic subgroup in Br(k).
Consider the rational embedding f : X Y and denote by U the domain of f which is an open subset of X. By definition, f can be factored as an open followed by a closed immersion . So x0 is defined over the field extension L = k(x0). Since the field L also splits X, there is also a closed point x1 ∈ X such that k(x1) ≃ k(x0). We now can apply Theorem 4.2 to get an kautomorphism Φ of X mapping x1 to x0. So considering the composition
where j : X ֒→ X is a chosen closed immersion, we see that U ∩ (Φ • j(X)) is non-empty. So without loss of generality we can assume that X is embedded into X in such a way that U ∩ X is non-empty. We set U := U ∩ X. By definition, U is closed in U and the isomorphism f : U ∼ → V gives us a closed subscheme f (U ) ⊂ V. Therefore, the restriction f |U : U → Y is a morphism that can be factored as a closed immersion followed by an open one. As Y is locally noetherian, this is equivalent to the fact that f |U : U → Y can also be factored as an open immersion followed by a closed one. This gives us the existence rational embeddings X Y in the sense of Definition 5. [19] . We recall the following definition contained in loc. cit.. Definition 5.7. Let X be a k-scheme. A locally free sheaf E of finite rank on X is called absolutely split if it splits as a direct sum of invertible sheaves on X ⊗ kk . For an absolutely split locally free sheaf we shortly write AS-bundle.
In [19] we classified all AS-bundles on proper k-schemes. Among others, we studied more closely the AS-bundles on Brauer-Severi varieties. In Section 6 of loc. cit. it is proved that the indecomposable AS-bundles on a arbitrary Brauer-Severi variety X are locally free sheaves Wi, i ∈ Z, such that Wi ⊗ kk ≃ O(i) ⊕ind(A ⊗i ) . Here A is the central simple algebra corresponding to X. These Wi are unique up to isomorphism and we have W ∨ i ≃ W−i and W0 ≃ OX . On the level of K-theory we observe that these Wi generate K0(X). To be precise; for X ⊗ kk ≃ P n we denote by h ∈ K0(P n ) the class of O P n (−1). We then have the following well-known result (see [21] , §8, Theorem 4.1).
Theorem 5.8. The restriction map res : K0(X) → K0(P n ) is injective and its image is additively generated by ind(
Corollary 5.9. Let X be a Brauer-Severi variety corresponding to A. Then the ASbundles
The assertion then follows from Theorem 5.8.
We shortly recall how K0(X) is related to the Chow groups CH i (X). Note that the Grothendieck group K0(X) admits a topological filtration
where d = dim(X) and K0(X) (i) is the subgroup generated by [OZ] as Z runs over all closed subvarieties of codimension ≥ i (see [7] , p.233). We then set gr i K0(X) := K0(X) (i) /K0(X) (i+1) . Now from the Brown-Gersten-Quillen spectral sequence (see [7] , p.234) we obtain natural surjective maps ϕ i X : CH i (X) → gr i K0(X). In fact these maps are given by [Z] → OZ . If deg(A) is a prime, the maps ϕ i X are isomorphisms (see [7] , Lemma 8.3.6). In this context we have the following theorem (see [11] , Theorem 1). 
, we conclude from Theorem 5.10 that the image of the restriction res l :
Note that p/(l, p) = p for 0 ≤ l ≤ p − 1 since p is a prime. Now index reduction (see [24] , Theorem 5.5) yields ind(D ′⊗l ) = p/(l, p) = p for all 0 ≤ l ≤ p − 1. In K0(P p−1 ) we then have
The proof of Corollary 5.8 shows res([W
. As the map res : K0(Y ) → K0(P p−1 ) preserves the topological filtration, we immediately get Proof. Since D and D ′ generate the same subgroup, X and Y are isomorphic. The same holds for X and Y. We have closed immersions X ֒→ X and Y ֒→ Y. Putting the linear subvarieties X and Y in standard position (see [3] ) and exploiting the fact X ≃ Y, we indeed obtain rational embeddings X Y and Y X such that r0 = r ′ 0 = 1.
Rational embeddings into norm hypersurfaces
In this section we prove our second main theorem. We first recall the definition of norm hypersurfaces and state an important result due to Saltman. For details we refer to [23] , [24] and [18] .
Let A be a central simple k-algebra. Then there is a map nA : A → k, called the reduced norm (see [23] ). This map has several properties, for instance if A is split it is the determinant. Now given a commutative k-algebra S, the reduced norm map extends uniquely to the algebra A ⊗ k S which may no longer be a central simple algebra. Let m = n 2 be the k-dimension of A. We choose a basis {e1, ..., em} for A and let S = k[X1, ..., Xm]. Now consider the map nA⊗ k S : A ⊗ k S → S. Let γ = X1e1 + ... + Xmem ∈ A ⊗ k S, where the tensor product of the summands is written by multiplication. Then nA⊗ k S (γ) =: f ∈ k[X1, ..., Xm] is a polynomial.
Definition 6.1. Let f ∈ k[X1, ..., Xm] be the polynomial from above. We define the norm hypersurface V (A) ⊂ A m k to be the closed subvariety defined by f . Note that after base change to some splitting field L of A the norm hypersuface
which is a singular variety for n ≥ 3. We denote the smooth locus of V (A) by V + A .
In [23] Saltman proved a variant of the Amitsur conjecture. It is the following result. In loc. cit. it is also proved that for a central simple algebra A of degree n the norm hypersurface V (A) is birational to X × P give a plenty of rational embeddings. Now we assume A = Mn(D) with n > 1. Take a closed immersion X ֒→ X and a rational embedding X V (A) as constructed in [24] or [18] . By definition, the rational embedding X V (A) can be factored as U → Z → V (A) where the first arrow is an open and the latter one a closed immersion. Here U ⊂ X is a suitable open subset. Note that by construction the domain U is mapped to V + A (see [24] and [18] for details). As in the proof of Theorem 5.3, using Lemma 5.2 and Theorem 4.2 we can assume that U := X ∩ U is non-empty. As U is closed in U we obtain the composition U → U → Z, where the first arrow is a closed and the second one an open immersion. As Z is noetherian, we get a composition U → Z ′ → Z with first arrow being an open and second arrow being a closed immersion. Composing this with the closed immersion Z → V (A), we finally get a rational embedding X V (A). By construction, the image of the domain lies in V + A . We see that it is always possible to get a rational embedding of X into V (A), but it is not obvious why there should be rational embeddings Y V (A). Note that V (A) is the norm hypersurface associated to A, whereas Y is the minimal linear subvariety of Y which corresponds to B. The next result shows when this is possible. [24] or [18] . By definition, the rational embedding Ψ : Y V (B) can be factored as 
. .
And since Z is birational to X, we obtain a rational embedding X V (B). By construction, the image of the domain lies in V Y. This map is also constructed in [24] . Repeating the same argument for the rational embedding Y V (A) implies that F (Y ) splits X . And again by [22] , Theorem 5 we find that A and B generate the same cyclic subgroup in Br(k).
Remark 6.5. In Theorem 6.4 one only has to require the existence of rational maps X V (B) and Y V (A) (with image of the domains lying in the respective smooth loci) to conclude that A and B generate the same subgroup.
Rational maps between symmetric powers of Brauer-Severi varieties
In this section we show under what conditions symmetric powers of Brauer-Severi varieties are (stably) birational.
Let X be the Brauer-Severi variety corresponding to A = Mn(D) and X the minimal linear subvariety. The symmetric power S m (X ) of X is defined to be the quotient of the product m i=1 X by the symmetric group Sm, where the action is given by permutation of the coordinates. It is a projective variety over the base field k and is singular unless X is one-dimensional. In [16] it is proved the following. Theorem 7.1. Let A be a central simple k-algebra of degree r and X its Brauer-Severi variety. Then S r (X ) is rational over k and for any l < r the symmetric power S l (X ) is birational to X l × P l(l−1) , where X l is the l-th generalized Brauer-Severi variety.
Proof. This is [16] , Theorem 1.4 and 1.5.
Exploiting Theorem 5.3, we make the following observation. Proof. Denote the degree of A by n. If A and B generate the same subgroup, Xm × P m(n−m) is birational to Ym × P m(n−m) (see [17] , p.690). Theorem 7.1 now states that for m < n the symmetric power S m (X) is birational to Xm × P m(m−1) . The same holds for S m (Y ). Hence for 2m < n + 1 we find that S m (X) × P m(n−2m+1) is birational to Ym × P m(n−2m+1) . For the case 2m ≥ n + 1 we notice that m(m − 1) ≥ m(n − m) and hence Xm × P m(m−1) is birational to Ym × P m(m−1) . This completes the proof. Proof. Let n be the degree of A. Note that we can always take m to be n − 1 unless n < 3. Indeed, for n ≥ 3 we have 2(n − 1) ≥ n + 1 and the assertion follows from Proposition 7.4. In the case n < 3 we only have to consider n = 2 as n = 1 is clear. But for n = 2 the corresponding Brauer-Severi varieties are one-dimensional. For these Brauer-Severi varieties the Amitsur conjecture holds (see [22] , [26] ) and hence if A and B generate the same subgroup, X and Y are birational. If X is a conic, the only generalized Brauer-Severi variety is the conic itself. So from Theorem 7.1 we obtain that for n = 2 the symmetric power S 1 (X) = X is birational to S 1 (Y ) = Y . This completes the proof.
Equivalent assertions
I this last section we want to give some statements equivalent to those of Theorem 5.3 and 6.4, all of them being well-known. For a central simple algebra A we write D b (A) for the bounded derived category of finitely generated right A-modules. We first recall the definition of a semiorthogonal decomposition and follow here [20] .
Let D b (X) be the bounded derived category of coherent sheaves on a smooth projective k-scheme and C a triangulated subcategory. The subcategory C is called thick if it is closed under isomorphisms and direct summands. Proof. The equivalence of (i) and (ii) is Theorem 5.3. The content of [13] , Lemma 7.13 is exactly the equivalence of (i) and (iv). We now show that (i) is equivalent to (iii). For this, we consider the semiorthogonal decompositions (see Example 8.2)
From [2] , Theorem 3.1, it easily follows that A and B generate the same cyclic subgroup in Br(k) if and only if there is a bijective map φ : {0, 1, ..., n} → {0, 1, ..., n} and triangulated equivalences
) coming from Morita equivalence. The equivalence of (i) and (v) follows from [1] , but can also be found in [14] , Lemma 16. Finally, the equivalence of (i) and (vi) is Proposition 3.3, whereas the equivalence of (i) and (vii), respectively (viii), follows from Theorem 6.2, respectively 6.4.
Any of the statements in Theorem 8.3 are conjectured to be equivalent to the condition that X is birational to Y .
